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DELONE MEASURES OF FINITE LOCAL COMPLEXITY
AND APPLICATIONS TO SPECTRAL THEORY OF
ONE-DIMENSIONAL CONTINUUM MODELS OF
QUASICRYSTALS
STEFFEN KLASSERT1, DANIEL LENZ2, AND PETER STOLLMANN3
Abstract. We study measures on the real line and present various
versions of what it means for such a measure to take only finitely many
values. We then study perturbations of the Laplacian by such mea-
sures. Using Kotani-Remling theory, we show that the resulting opera-
tors have empty absolutely continuous spectrum if the measures are not
periodic. When combined with Gordon type arguments this allows us to
prove purely singular continuous spectrum for some continuum models
of quasicrystals.
Dedicated to Hajo Leschke on the occasion of his 65th birthday
Introduction
Quasicrystals are interesting objects, from a physical and a mathematical
point of view. For the physics we refer to the pioneering work of Shechtman,
Blech, Gratias and Cahn [33], published some 25 years ago, as well as to
[4, 13, 32] and the references therein. The mathematical interest has a num-
ber of sources. Here, we are mainly concerned with the fact that quantum
mechanical models of quasicrystal exhibit a number of “strange phenom-
ena”: there is a tendency that the respective Hamiltonians have Cantor sets
as spectra, with absence of absolutely continuous spectrum as well as ab-
sence of point spectrum. Moreover, anomalous transport is typical for these
operators. Very roughly speaking, this can be motivated by the facts that
quasicrystals are aperiodically ordered. They are, in a sense, close to peri-
odic structures, which explains the absence of point spectrum. On the other
hand, they can also be thought of as random operators, which explains the
absence of absolutely continuous spectrum.
Starting with [2, 37, 38], the general paradigm of singular continuous
Cantor spectrum has been verified in the discrete one-dimensional setting
for various examples, see e.g. the surveys [7, 22] and references therein.
The only results for multidimensional models we are aware of are from [25]
and the only results in the one-dimensional continuum setting are from [15].
Here, we present a considerable extension of the latter results. In the discrete
case, absence of absolutely continuous is a consequence of Kotani theory,
[16, 17]. Absence of eigenvalues can be shown with Gordon-type arguments,
see [7] for a survey and a list of relevant references.
It is quite reasonable to try similar strategies for continuum models; one
part of that program, the respective Gordon-type arguments have already
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been established in [9]. So the main point is to prove absence of absolutely
continuous spectrum by an appropriate version of Kotani’s theory. This had
been done in the thesis of one of us, [15] within the framework of Kotani
theory for random operators. In the meantime a deterministic version of
Kotani theory has been developed by Remling [31]. In the present work
we rely upon Remling’s oracle theorem, that allows a purely deterministic
approach. The outcome is Theorem 4.1 below that can also be applied in
the random setting of measure dynamical systems.
We start with an account on Schro¨dinger operators with measure poten-
tials since we adopt the generality of [31] in the following section. There, we
will also state the above mentioned oracle theorem, our main tool to prove
absence of absolutely continuous spectrum. We give a little discussion of
finite local complexity for point sets in Section 2. Then, we present several
different versions of a concept of finite local complexity in the context of
potentials in Section 3 and study their relationship. This study may be of
independent interest. The main result is presented and proved in Section
4. Section 5 deals with applications of four results to measure dynamical
systems. A systematic way to generate such systems from subshifts is dis-
cussed in Section 6. The final Section 7 is then devoted to a discussion of
singular continuous spectrum for certain models.
1. Measure perturbations and the oracle theorem.
We follow [3] and say that a signed Radon measure µ on R is translation
bounded if there is an open set U with supt∈R |µ|(U + t) < ∞; we write M
for the space of all signed Radon measures and M∞ for the subspace of all
translation bounded measures. Here |µ| denotes the variation of µ. It is
easy to see that
M∞ =
⋃
C≥0
VC ,
where the latter is defined as in [31], i.e.,
VC = {µ ∈ M | |µ|(J) ≤ Cmax{|J |, 1} for all compact intervals J ⊂ R}.
As explained in [31], there is a metric d on VC that will be used later on.
The shift is denoted differently here: we let Txµ(A) := µ(A − x) so that
suppTxµ = suppµ+ x; in particular, Tx = S−x for the shift Sx used in [31].
In the latter article, the author relies upon [1], as far as the definition of
−∆+ µ is concerned. Here we sketch a more traditional way via quadratic
forms that is pretty easy and direct, since translation bounded measures are
form small with respect to −∆ in one dimension. Here, of course, the form
h0 associated to −∆ is defined on W
1,2(R) by
h0(u) :=
∫
R
u′(t)u¯′(t)dt.
Lemma 1.1. Let µ ∈ M∞. Then µ is form small with respect to −∆. In
particular,
D(h0 + µ) :=W
1,2(R), (h0 + µ)[u, v] :=
∫
R
u′(t)v¯′(t)dt+
∫
R
u(t)v¯(t)dµ(t)
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defines a closed semibounded form. The associated selfadjoint operator is
denoted by −∆+ µ.
Let us sketch the proof:
We use the Sobolev embedding theorem that implies that every u ∈
W 1,2(R) has a continuous representative and use this repesentative in
µ[u, v] :=
∫
R
u(t)v¯(t)dµ(t).
That the so defined form is form small follows from the Sobolev embedding
theorem as well. See [18], Lemma 8 for an appropriate version that gives,
far any γ > 0 a Cγ such that
|µ[u, u]| =
∫
R
|u(t)|2dµ(t)
=
∑
k∈Z
∫
[k,k+1]
|u(t)|2dµ(t)
≤
∑
k∈Z
C‖u|[k,k+1]‖
2
∞
≤
∑
k∈Z
C(γ‖u′|[k,k+1]‖
2
2 + Cγ‖u|[k,k+1]‖
2
2)
= C(γh0[u, u] + Cγ‖u‖
2
2).
That form small perturbations of closed forms yield closed forms is a fun-
damental truth, see the KLMN-Theorem in [29] or [11], Part I, Paragraph
5.
Remark 1.2. (1) In [1] an alternative direct definition of Schro¨dinger
operators with measure perturbations is given. It has the advantage
that the negative part of the measure need not be relatively bounded
with respect to the Laplacian, so that operators can be treated that
are unbounded from below.
(2) The form method can be used in any dimension; see [35, 36] for
details and references.
(3) That these two different methods lead to the same operators is not
explicitly stated in [1]. It follows, however, from the reasoning in the
proof of Theorem 6.1 in [31].
We now state Remlings Oracle Theorem from [31] for the readers conve-
nience:
Theorem 1.3 (Oracle Theorem). Let A ⊂ R be a Borel set of positive
measure, and let ε > 0, a, b ∈ R, a < b, C > 0. Then there exist L > 0 and
a continuous function (the oracle)
△ : VC(−L,0) → V
C
(a,b)
so that the following holds. If µ ∈ VC and the half line operator H =
−∆+ µ ↾[0,∞) satisfies σac(H) ⊃ A, then there exists an x0 > 0 so that for
all x ≥ x0, we have
d
(
△
(
1(−L,0)Sxµ
)
, 1(a,b)Sxµ
)
< ε.
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x−L x+L y−L y+L
x y
Figure 1. A Delone set of finite local complexity
2. Notions of finite local complexity for sets.
We describe the positions of ions in terms of a discrete setD ⊂ Rd. In case
of a perfect crystal, D would be periodic, i.e., invariant under translations
by elements of a lattice. Here lattice means a discrete subgroup that spans
R
d as an R-vector space. Recall that a Delone set D ⊂ Rd is characterized
by two properties that it shares with periodic sets: It is uniformly discrete
and relatively dense i.e.
• there is r > 0 such that Ur(x) ∩ Ur(y) = ∅ for x, y ∈ D,x 6= y,
• and there exists R > 0 such that
⋃
x∈DBR(x) = R
d.
Here, the open and closed balls of radius s > 0 around x ∈ Rd are denoted
by Us(x) and Bs(x) respectively. Delone sets may be used to describe the
positions of ions in solids that are not as ordered as crystals. The following
property is clearly true for periodic sets:
A discrete set A ⊂ Rd is said to be of finite local complexity, provided the
following holds: for any L ≥ 0
{BL(x) ∩A− x | x ∈ A}
is a finite set of subsets of Rd. We are mainly concerned with subsets of the
real line in which case the property means that in any interval [x − L, x +
L], x ∈ A only finitely many different pattern occur. We do not go into
formalizing the concept of pattern here, see [24] for a thorough discussion
and Figure 1 for an illustration.
Since the geometry of R is particularly simple, we can easily verify the
following observation.
Remark 2.1. (1) A closed set D ⊂ R is a Delone set if it can be written
as D = {xn | n ∈ Z} where xn+1 − xn ∈ [2r,
R
2 ]; it is of finite local
complexity if, additionally, xn+1 − xn can only take finitely many
values. (For investigation of higher dimensional analogues to these
facts, we refer to [19].)
(2) A set of finite local complexity is uniformly discrete but not neces-
sarily relatively dense.
Therefore, it is different whether one bases a concept of finite local com-
plexity on “what can be seen around a given point” or on “what comes
next”. This is further illustrated by the following examples.
Examples 2.2. (1) Any periodic set is a Delone set of finite local com-
plexity.
(2) Any subset of a set of finite local complexity has finite local com-
plexity, e.g., any subset of Z.
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It will be convenient to deal with colored Delone sets as well. Let A be a
finite set. A colored Delone set with colors from A is a pair (D, a) consisting
of a Delone set D and a map
a : D −→ A.
The restriction of a colored Delone set D′ = (D, a) to a subset B is defined
to be the pair
D′ ∩B := (D ∩B, a : D ∩B −→ A).
A colored Delone set is said to have finite local complexity if the underlying
Delone set has finite local complexity. As there are only finitely many ele-
ments in A this can easily be seen to be equivalent to finiteness of the set of
restriction
{(D′ − x) ∩BR : x ∈ D}.
3. Notions of finite local complexity for measures
The kind of potentials we are interested in are of the form
VD(t) =
∑
x∈D
V (t− x),
where V ∈ L1 is a given single site potential of compact support and D is
uniformly discrete. More generally, one may be interested in potentials of
the form
V(D,a) :=
∑
x∈D
Va(x)(t− x)
where (D, a) is a Delone colored by the finite A and Va, a ∈ A, are L
1
potentials with compact support. From the analytical point of view, it
does not make much difference to include finite signed measures of compact
support as single site potentials; a typical piece of such a potential is depicted
in Figure 2.
Figure 2. A typical potential VD
If we do not want to use the construction of VD, how can we formalize
the finite local complexity it inherits from D? The problem we encounter
here is the fact that although from a certain perspective, VD is made of a
finite number of parts, we have to pick the right parts. If we slice the real
line into intervals in different ways, we end up with an infinite supply of
different forms. For point sets as above, this difficulty does not occur, as the
point set itself gives a natural grid. Note that point sets can naturally be
interpreted as measures: any uniformly discrete D induces the translation
bounded measure
δD :=
∑
x∈D
δx.
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Note that VD defined above is just given as δD ∗ V , where ∗ denotes the
usual convolution. Similarly, we may define a convolution between Delone
sets colored by A and tuples of functions Va, a ∈ A, by
(D, a) ∗ V := V(D,a).
We now present a number of different concepts one might come up with.
An ultimate criterion of its usefulness for our present purpose lies in the
applicability to spectral theory we have in mind, especially whether it can
be used together with the oracle theorem, mentioned above. In our context,
it will turn out that the simple finite decomposition property s.f.d.p. given
in Definition ?? gives what we need for our purposes.
We start with some general notation used in our dealing with measures
and their local restrictions: A piece is a pair (ν, I) consisting of a closed
interval I with length |I| > 0 and a measure ν supported on I; we write νI
as shorthand notation, or sometimes only ν, which is, of course, an abuse
of notation. If µ is a measure on R we say that νI occurs in µ at x if
(1[x,x+|I|]µ, [x, x + |I|]) is a translate of (ν, I) (in the obvious sense). We
call |I| the length of the piece νI . A finite piece is a piece with finite
length. The concatenation νI = νI11 |ν
I2
2 |... of a finite or countable family
(ν
Ij
j )j∈N , N = {1, 2, ..., |N |} of finite pieces is easy to visualize and somewhat
complicated to write down:
I = [min I1,min I1 +
∑
j∈N
|Ij|]
ν = ν1 +
∑
k∈N,k≥2
T(min I1+
∑k−1
l=1 |Il|−min Ik)
νk.
In this case we also say that νI is decomposed into (ν
Ij
j )j∈N . Then, ν
Ij
j is
the measure that occurs at x for
x ∈ [min Ij +
∑
k<j
|Ij |,max Ij +
∑
j<j
|Ij |].
See Figure 3 for an illustration. What the formulae express is easy to de-
I1 I2 I3
ν1 ν2 ν3
I
ν = ν1|ν2|ν3
Figure 3. The concatenation of pieces.
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scribe: we translate the piece νI22 in such a way that it starts where ν
I1
1 ends.
Then we pick the next piece and put it right to the right of νI22 , and so on.
Now, here comes one version of finite local complexity for measures.
Definition 3.1. A signed measure µ has a finite number of local pieces with
parameter ρ > 0, abbreviated f.l.p if for every x ∈ R there is x′ ∈ R with
|x− x′| ≤ ρ such that, for every L ≥ 2ρ,
{1[−L,L](Tx′µ) | x ∈ R}
is a finite set of measures. We say that µ is finally f.l.p, if there is x0 ∈ R
such that 1[x0,∞)µ is f.l.p.
Remark 3.2. (1) If D is a Delone set of finite local complexity, then δD
has f.l.p. In fact, we can pick ρ = R and x′ ∈ D ∩ [x− ρ, x+ ρ], the
latter set being nonempty due to the relative denseness condition.
(2) If D is any subset of a periodic set, then δD has f.l.p. In particular,
there are f.l.p point measures such that the underlying sets are no
Delone sets.
Another version of finite local complexity is given as follows.
Definition 3.3. A measure µ has the finite decomposition property, ab-
breviated f.d.p, if there exists a finite set P of finite pieces, called local
pieces, and x0 ∈ R such that 1[x0,∞)µ
[x0,∞) is the translate of a concate-
nation νI11 |ν
I2
2 |..., where the ν
Ij
j ∈ P, for all j ∈ N. We denote x1 :=
x0 + |I1|, x2 := x1 + |I1|, ... and call the set {x0, x1, ...} the grid of the
decomposition. Without restriction we can and will assume that min I = 0
for every νI ∈ P. We denote by lP , LP the minimal and maximal length of
pieces in P, respectively.
For our main result we will need a stronger version of f.d.p.
Definition 3.4. A µ has the simple finite decomposition property, abbrevi-
ated s.f.d.p, if it has the f.d.p with decomposition such that there is ℓ > 0 with
the following property: assume that two pieces ν
I−m
−m |...|ν
I0
0 |ν
I1
1 |ν
I2
2 |...|ν
Im1
m1
and ν
I−m
−m |...|ν
I0
0 |µ
J1
1 |µ
J2
2 |...|µ
Jm2
m2 occur in the decomposition of µ with a com-
mon first part ν
I−m
−m |...|ν
I0
0 of length at least ℓ and such that
1[0,ℓ)(ν
I1
1 |ν
I2
2 |...|ν
Im1
m1 ) = 1[0,ℓ)(µ
J1
1 |µ
J2
2 |...|µ
Jm2
m2 ),
where the ν
Ij
j , µ
Jk
k are from the decomposition (in particular, all the pieces
belong to P and so they start at 0) and the latter two concatenations are of
lengths at least ℓ. Then
νI11 = µ
J1
1 .
Note, that instead of the equality of the pieces we ask for in the last
equation of the definition it suffices to ask for the equality of the length of
the pieces.
Before we illustrate the preceding definition with examples let us explain
the difficulties that might occur and prevent a measure with f.d.p from
satisfying s.f.d.p. Essentially there are two problems: one is periodicity
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and the other is local constancy. Let us discuss periodicity first: Among
our local pieces there may be ν and ν ′ with ν ′ equal to a concatenation of
finitely many copies of ν. Then, a high power of ν can not be decomposed
uniquely. This problem may be circumvented by deleting ν ′ from our set
of local pieces. We now turn to local constancy. You might decompose a
fixed multiple of Lebesgue measure - e.g. the measure zero - in pieces of
two different lengths, say, in such a way that it does not have the s.f.d.p
(whereas f.d.p holds): take one short piece and then a long one, then two
short pieces and then a long one, etc. For a decomposition of that fashion,
you can never predict the appearance of a long piece. Note that this situation
is not covered by the periodic situation (as the lengths of the pieces may
be rationally independent). In some sense these are the only ways how a
measure with f.d.p can fail to satisfy s.f.d.p:
Proposition 3.5. Let µ be a measure with f.d.p. with respect to the local
pieces νI11 , . . . , ν
IN
N . If µ does not have s.f.d.p. with respect to any set of local
pieces, then there must be two local pieces among the ν
Ij
j , which are multiples
of Lebesgue measure i.e. have the form c 1I dx for suitable constants c and
intervals I.
Proof Denote by Dj the set of occurrences of ν
Ij
j in µ. (Here, we count
all occurrences irrespective whether these occurrences match with the given
decomposition.) Then, D := ∪Dj is relatively dense, as there exists a de-
composition of µ. We consider two cases.
D is uniformly discrete. In this case, we can just recode µ in the following
way: Let
. . . x−1 < x0 < x1 < . . .
be the points of D. Then, we can decompose µ according to
. . . µ|[x−1,x0)µ|[x0,x1)µ|[x1,x2) . . .
As µ has f.d.p with respect to the ν
Ij
j , this is indeed a decomposition into
finitely many different pieces. By construction the occurrence of each piece
is determined locally i.e. only depends on the restriction of µ to a certain
neighborhood of the piece. This gives the desired simplicity.
D is not uniformly discrete. Then, there must exist an accumulation
points among the occurrences of the local pieces. If the occurrences of a
fixed local piece accumulate, then this piece must be locally translation
invariant and hence a multiple of the Lebesgue measure. If there are two
local pieces with accumulation points we therefore obtain two pieces which
are multiples of Lebesgue measure.
Thus, it remains to show that if there is only one local piece with accu-
mulation points, then the system still has s.f.d.p.: In this case, there is only
one exceptional piece which is a multiple of Lebesgue measure. If this is
the only piece in the decomposition, s.f.d.p is obviously valid. Otherwise,
we can use a coding by the occurrences of the other local pieces and break
gaps resulting from multiple occurrences of the exceptional piece by starting
at the leftmost occurrence of the piece in the gap and then proceeding by
adding this piece step by step as long as possible. By f.d.p. this will result
in only finitely many pieces. 
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Remark 3.6. Let us note that even in non-periodic situations it can be
hard to decompose into a fixes set of pieces. This is well known even for
Delone sets. For example, for certain Delone sets coming from so called
primitive substitutions uniqueness of some natural decompositions has been
investigated (and proven) in [34] (see [28] as well for the corresponding result
in symbolic dynamics).
Example 3.7. (1) If µ is finally periodic, i.e., there exist x0 ∈ R and
p > 0 such that µ(A + p) = µ(A) for all measurable A ⊂ [x0,∞),
then µ has the s.f.d.p. In fact, P := {(1[x0,x0+p)µ, [x0, x0 + p])} does
the job, as one easily verifies.
(2) If D is a Delone set of finite local complexity, then δD has the s.f.d.p.
In fact, this follows from the Lemma belwo plus the fact that such
measures have the f.e.p, but we can also define a suitable set P
directly: as remarked in 3.2, there are only finitely many different
distances between neighboring points of D; denote them by 0 <
l1 < ... < ln. We put Ij = [0, lj ], νj = δo and P = {ν
Ij
j | j =
1, ..., N}. Now, for every x0 ∈ D we find a decomposition; due to
the construction of P, every decomposition is simple.
(3) The measure µ can be shown to have f.d.p. if and only if there exists
a colored Delone D′ set and an A tupel (νa), a ∈ A, of measures with
compact support such that µ = D′ ∗ ν.
While the preceding notions were based on “what can be seen around
a given point”, the next notion formalizes the “what comes next” point of
view. This notion is stronger than the previous ones:
Definition 3.8. A signed measure µ is said to have the finite extension
property, short f.e.p if there exist ρ > 0, L0 and, for any L ≥ L0 a finite set
EL of pieces with interval [0, L] with the following property: for r ≥ ρ and
any piece ν [0,r] there exists r′ ∈ [r − ρ, r] such that whenever ν [0,r] occurs in
µ at x, there is a νˆ [0,L] ∈ EL such that (1[0,r′]ν + Tr′ νˆ, [0, r
′ + L]) occurs in
µ at x. We say that µ is finally f.e.p if there is an x0 such that the above
property is valid for x ≥ x0.
See Figure 4 for an illustration; here are some remarks:
µ
ν
Figure 4. A piece νI and its occurrence in µ.
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Remark 3.9. (1) Note that there is a difference in how we can define
finally f.l.p and finally f.e.p: the measure 1[x0,∞)µ is almost never
f.e.p. In fact, only if it is zero. Otherwise, there are arbitrarily long
intervals where µ is zero, followed by something nontrivial. On the
other hand, if µ is f.l.p, then 1[x0,∞)µ is f.l.p as well
(2) If D is a Delone set of finite local complexity, then δD has f.e.p. In
fact, we can pick ρ = R and x′ ∈ D ∩ [x − ρ, x + ρ], the latter set
being nonempty due to the relative denseness condition.
(3) IfD is any subset of a periodic set, then δD is f.l.p but not necessarily
f.e.p.
Finally, we define a strong form of decomposition property.
Definition 3.10. A measure µ has the unique decomposition property,
abbreviated u.d.p, if it has the finite decomposition property and there exists
an R > 0 such that the local piece occurring at an x in the decomposition is
uniquely determined by the restriction of µ to [x−R,x+R].
The following lemma gathers simple relations between the various notions
of local finiteness introduced so far. It is easy to prove.
Lemma 3.11. u.d.p =⇒ f.e.p. =⇒ s.f.d.p =⇒ f.d.p =⇒ f.l.p.
The converse implications do not hold in general: For example Lebesgue
measure may easily be decomposed periodically yielding s.f.d.p, still it does
not satisfy u.d.p.. Also, we have already discussed how measures with f.d.p
may not have s.f.d.p. Finally, considering measures coming from point sets
with increasing gaps with incommensurate lengths, one can construct exam-
ples of measures with f.l.p. but without f.d.p. However, assuming relative
denseness of local pieces we can use ’Deloneification’ to show that f.l.p im-
plies u.d.p.. This is the content of the next theorem. The proof is similar to
the proof of Proposition 3.5 above.
Theorem 3.12. Let µ be a measure on R with f.l.p. with parameter ρ > 0.
If for some L ≥ 2ρ the set of occurrences of any local piece of length L is
relatively dense, then µ is either a multiple of Lebesgue measure or has the
unique decomposition property.
Proof We consider two cases.
Case 1: There is a local measure ν whose occurrences have a minimal
distance r > 0. In this case the occurrences of ν in µ form a Delone set.
We can use this Delone set to do a recoding of µ by occurrences of ν. More
precisely, label the occurrences of ν in µ by
. . . , x−1 < x0 < x1 < x2 < x3 . . .
Then, we can decompose µ according to
. . . µ|[x−1,x0)µ|[x0,x1)µ|[x1,x2) . . .
As µ has f.l.p and there is a minimal distance between occurrences of ν the
Delone set has finite local complexity and this is indeed a decomposition
into finitely many different pieces. By construction the occurrence of each
piece is determined locally i.e. the unique decomposition property holds.
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Case 2: The set of occurrences of each local measure ν has arbitrary small
gaps. The assumption means that for each local measure ν
ν = Sxν|supp ν
for a set of nonzero x with x→ 0. Then, ν is (locally) translation invariant
and hence is a multiple of Lebesgue measure. Different local measures must
be the same multiple as L ≥ 2ρ. 
Corollary 3.13. Let µ be a measure on R with f.l.p. with parameter ρ such
that for some L ≥ 2ρ+ S the set of occurrences of any local piece of length
L is relatively dense. Let ν be a measure of compact support contained in
[0, S]. Then, µ ∗ ν is either Lebesgue measure or has unique decomposition
property.
Proof As µ has f.l.p and ν has compact support, the measure µ ∗ ν has
f.l.p. as well. By assumption the measure µ ∗ ν has relative dense set of
occurrences for local measures of length L. Now, the statement follows from
the previous theorem. 
If the underlying measure µ comes from a Delone set of finite local com-
plexity a somewhat stronger statement holds.
Proposition 3.14. Assume that D is a Delone set of finite local complexity
and ν is a finite signed measure of compact support. Then
µ =
∑
x∈D
Txν = ν ∗ δD
has the s.f.d.p.
Unfortunately, the proof is not as evident as the statement may seem.
Here is the problem: You cannot recover D from ν ∗ δD in general. Easy
periodic examples will convince you of this unpleasant fact. This lead to
additional restrictions in [15] concerning the single site bumps that were
allowed. Here, we can circumvent these additional assumptions, because we
can still choose the particular decomposition according to our purposes.
Proof. By shiftingD and ν we may suppose that min(supp ν) = 0; moreover,
max(supp ν) =: s > 0 without restriction. LetD = {xk| | k ∈ Z} with the xk
strictly increasing. We decompose µ starting from x0 and take {xk| | k ∈ N0}
as a grid. Note that
1[xk,xk+1]µ =
∑
x∈D∩[xk−s,xk]
Txν = Txk
∑
x∈D∩[xk−s,xk]
Tx−xkν,
with a finite number of different possibilities for x− xk in [xk − s, xk], inde-
pendently of xk. Therefore,
P := {(
∑
x∈D∩[xk−s,xk]
Tx−xkν, [0, xk+1 − xk]) | k ∈ Z, k ≥ 0}
is a finite set of finite pieces that decomposes 1[x0,∞)µ. Now we want to show
that the decomposition we chose has the s.f.d.p. Choose l > max{s, LP} and
assume that two pieces ν
I−m
−m |...|ν
I0
0 |ν
I1
1 |ν
I2
2 |...|ν
Im1
m1 and ν
I−m
−m |...|ν
I0
0 |µ
J1
1 |µ
J2
2 |...|µ
Jm2
m2
occur in the decomposition of µ.
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Denote the point in the grid where νI11 starts by x and the point where
µJ11 starts by x
′. Since µ is given as a sum of translates depending on what
is happening to the left, we get that
1[x,x+ℓP)µ = Tx′−x1[x′,x′+ℓP )µ.
Subtracting the common contribution from D∩ [x− s, x] and D∩ [x′− s, x′]
we get
T|I1|ν = T|J1|ν,
and the asserted equality of the length |I1| = |J1| follows. 
The considerations of this section suggest the following as definition for
a Delone measure of finite local complexity.
Definition 3.15. A measure on R is said to be a Delone measure of finite
local complexity if there exist finitely many measures ν1, . . . , νN with compact
support such that with the sets Dj of occurrences of νj in µ, j = 1, . . . , N ,
the following holds:
• The set ∪jDj is a Delone set of finite local complexity.
• For any x ∈ suppµ, there exists a j ∈ {1, . . . , N} and an p ∈ Dj such
that x belongs to p+ supp νj and µ agrees with Tpνj on p+ supp νj .
Let us note that this definition can be used verbatim to deal with measures
in arbitrary dimensions.
4. The main result
In this section, we present the main result on absence of absolutely con-
tinuous spectrum for aperiodic measure of ’finite local complexity’.
Theorem 4.1. Let µ ∈ M∞ be a measure that has the s.f.d.p and as-
sume that the absolutely continuous spectrum of the half-line operator −∆+
µ ↾[0,∞) is not empty. Then, µ is eventually periodic.
Proof. The idea goes as follows: due to the s.f.d.p there are pieces of arbi-
trary length that appear infinitely often. If we pick such a piece of sufficient
length, the oracle theorem allows us to predict the next piece up to a small
error. Since the next piece itself comes from a finite set, it is uniquely deter-
mined, provided the error is small enough. That means that after the two
occurences of the given long piece, the same shorter piece follows. Iterating
the procedure we get longer and longer translates of the measure that agree,
which means that the measure is eventually periodic.
Here are the details: assume that A = σac(−∆+µ) 6= ∅ is nonempty. Let
G := {xk | k ∈ N0} be the grid and P the set of pieces of a decomposition
with the s.f.d.p and ℓ the according length.
Denote
Dℓ := {1(−1,ℓ)[T−xµ] | x ∈ G}
and note that this set is finite, due to the s.f.d.p. Consequently, there is
ε > 0 with d(ν1, ν2) > 2ε for different ν1, ν2 ∈ Dℓ.
This fixes ε for our application of the oracle theorem; moreover, we choose
a = −1, b = ℓ. Pick L according to the oracle theorem, without restriction
L > ℓ.
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We construct a coarser grid GL ⊂ G by y0 := x0 and yk+1 − yk ∈ [L,L+
LP ]. Since G ∩ [yk, yk+1] is finite, it is clear that
PL := {
(
T−yk [1[yk,yk+1]µ], T−yk([yk, yk+1] ∩G)
)
| k ∈ N}
is finite. Consequently, there is at least one k, for which infinitely many
translates of 1[yk,yk+1]µ appear in µ so that the corresponding parts of G
are translates of G ∩ [yk, yk+1]. Call z
1 := ym+1, where ym is one of the
corresponding points in GL, m > k and denote y
1 := yk+1; see the following
Figure 5. We apply the oracle theorem with x = y1 and x = z1 and get that
yk yk+1 = y
1 ym ym+1 = z
1
Figure 5. Illustration of the proof.
d(1(−1,ℓ)Ty1µ, 1(−1,ℓ)Tz1µ) ≤ 2ε.
By our choice of ε this implies
1(−1,ℓ)Ty1µ = 1(−1,ℓ)Tz1µ.
By definition of PL we moreover know that the pieces of µ starting at yk
and ym, respectively, are decomposed in the same way. The s.f.d.p (note
that L > ℓ) guarantees that the pieces start at y1 and z1 are translates of
each other, so that the next point y2 := min(G∩ (y1,∞)) in G following y1
and z2 := min(G ∩ (z1,∞)) satisfy
z2 − z1 = y2 − y1 and T−y1 [1[y1,y2]µ] = T−z1 [1[z1,z2]µ].
This implies that 1[yk,y2]µ is a translate of 1[ym,z2]µ. We can now iterate the
procedure to find y3, z3 ∈ G such that 1[yk ,y3]µ is a translate of 1[ym,z3]µ.
Since, moreover, yj+1−yj, zj+1−zj ≥ ℓP , we get that 1[yk,∞)µ is a translate
of 1[ym,∞)µ. In other words, µ is finally periodic. 
5. Application to measure dynamical systems.
In this section we consider applications of the main result to dynamical
systems of measures.
A dynamical system (Ω,S) consists of a compact set Ω and a continuous
action S of R on Ω. A dynamical system is called minimal if
{Sxµ : x ∈ R}
is dense in Ω for every µ ∈ Ω. An S invariant probability measure on a
dynamical system (Ω,S) is called ergodic if any invariant measurable subset
of Ω has measure zero or measure one. If there exists a unique invariant
probability measure, then (Ω,T ) is called uniquely ergodic. An element
ω ∈ Ω is called periodic with period x 6= 0 if Sxω = ω. The, dynamical
system is called periodic if all of its elements are periodic with the same
period.
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We will be concerned with measure dynamical systems. In this case Ω
is a closed (and hence compact) subset of VC for some C > 0, which is
invariant under the shifts S = T . A measure dynamical system is said to
have one of properties defined in the previous section if each element of Ω
has this property. Each measure dynamical system (Ω,T ) gives rise to the
family Hω, ω ∈ Ω, defined by
Hω = −∆+ ω.
The first main result in this section concerns minimal measure dynamical
systems with a finite local complexity property.
Theorem 5.1. Let (Ω,T ) be a minimal measure dynamical system with
s.f.d.p. Then, (Ω,T ) is periodic if one Hω possesses some absolutely con-
tinuous spectrum.
Proof. Let ω ∈ Ω be chosen such that Hω possesses some absolutely contin-
uous spectrum. Then, the restriction of Hω to [0,∞) or the restriction of
Hω to (−∞, 0] must possess some absolutely continuous spectrum by gen-
eral principles. Assume without loss of generality that the restriction of Hω
to [0,∞) possesses some absolutely continuous spectrum. Then, ω is even-
tually periodic by our main result, Theorem 4.1. By minimality, then each
element of Ω must be periodic (with the same period). 
Remark 5.2. If the system is minimal then the absolutely continuous spec-
trum of the Hω does not depend on ω by results of Last /Simon [20] (if the
measures possess a density with respect to Lebesgue measure).
Our second main result in this section deals with ergodic measure dynam-
ical systems. We need a little preparation.
Lemma 5.3. Let (Ω,S) be a dynamical system with ergodic measure m. If
the set of eventually periodic points has positive measure, then any point in
the support of m is periodic (with the same period).
Proof. For each compact interval I let AI be the set of points of Ω which are
eventually periodic with period p ∈ I. Then, each AI is closed and invariant
under S and hence has measure zero or one by ergodicity. As the Ap are
pairwise disjoint we infer from the assumption that there exists exactly one
p such that Ap has full measure. Then SnA
p has full measure for each n ∈ N
and so has
Ap∞ := ∩n∈NSnA
p.
By construction the elements of Ap∞ are periodic with period p. We have
thus found a set of full measure all of whose elements are periodic (with the
same period). This implies the statement. 
Whenever (Ω,T ) is a measure dynamical system with ergodic measure µ
then there exists a closed subset Σac of R such that Σac is the absolutely con-
tinuous spectrum of Hω for µ almost every ω ∈ Ω (see e.g. the monograph
[6]).
Theorem 5.4. Let (Ω,T ) be measure dynamical system of finite local com-
plexity and m an ergodic measure on Ω. If Σac 6= ∅, then ω is periodic for
every ω in the support of m.
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Proof. By our main result Theorem 4.1 the measure ω is eventually periodic
for almost every ω ∈ Ω. This implies the statement by the previous lemma.

6. Systems generated by subshifts
In this section, we discuss a systematic way to generate measure dynami-
cal systems with f.l.p by a suspension type construction over a subshift over
a finite alphabet. In the last part of the section we then show how this can
be applied to deals with Delone sets.
We start by introducing the necessary notation concerning subshifts. Let
A, called the alphabet, be a finite set equipped with the discrete topology.
A pair (X, τ) is a subshift over A if Ω is a closed subset of AZ, where AZ
is given the product topology and Ω is invariant under the shift operator
τ : AZ −→ AZ, τa(n) ≡ a(n+1). We consider sequences over A as words and
use standard concepts from the theory of words, see e.g. [27]. In particular,
the number of occurrences of v in w is denoted by ♯v(w) and the length
|w| of the word w = w(1) . . . w(n) is given by n. Given a subshift (X, τ)
over the finite alphabet A with cardinality N , we can associate to each
ℓ = (l1, . . . , lN ) ∈ (0,∞)
N a new measure dynamical system (Xℓ, T ) over R
by a suspension type construction. More precisely, assume without loss of
generality that A = {1, . . . , N} and define for each x ∈ X the measure ξx
by
ξx :=
∑
j∈Z
x(j)δ∑j−1
k=0 lx(k)
.
where δx denotes the unit point measure at s ∈ R. Now, set
Xℓ := {Ttξx : x ∈ X, t ∈ R}.
Then, (Xℓ, T ) is a measure dynamical system, which inherits many proper-
ties of (X, τ). For example it is not hard to see that minimality of (X, τ)
implies minimality of (Xℓ, T ). Similarly, (Xℓ, T ) is uniquely ergodic if (X, τ)
is uniquely ergodic. More generally, any invariant measure n on (X, τ) in-
duces a unique measure m on (Xℓ, T ) with
n(Uw)|I| = m(Uw,I)
for any finite word w and any sufficiently short interval I. Here,
Uw := {x ∈ X : w = x(0) . . . x(|w| − 1)
and
Uw,I := {ω ∈ Xℓ : w
′ occurs in ω at an t ∈ I},
with w′ :=
∑|w|
j=1w(j)δ∑j−1
k=0 lx(k)
. A discussion of more or less this phenome-
non can be found in [21, 15].
After these preparations we can now discuss how to associate measure
dynamical systems to subshifts. Let (X, τ) be a subshift over the finite A
with cardinality N . Let ν := (ν1, . . . , νN ) an N -tupel of measures with
compact support such that
inf supp νj = 0
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for all j = 1, . . . , N . Chose lj := sup supp νj if νj is not just a point measure
in 0 and lj = 1 otherwise. Now, define for each x ∈ X the measure ωx by
ωx :=
∑
j∈Z
δ∑j−1
k=0 lxk
∗ νx(j).
Thus, we replace in ξx any point measure with coefficient j with the measure
νj. Let
Ων := {Ttωx : x ∈ X, t ∈ R}.
By construction Ων has f.d.p and by the criteria above, in particular, Propo-
sition 3.5, we have simple sufficient condition for s.f.d.p. Moreover, by con-
struction there is a factor map
π : (Xℓ, T ) −→ (Ων , T )
such that π(ξ) is the measure arising by replacing any point measure with co-
efficient j in ξ with the measure νj. By standard theory, the factor (Ων , T ) in-
herits properties like minimality and unique ergodicity from (Xℓ, T ) . More-
over, π maps invariant (ergodic) measures on (Xℓ, T ) to invariant (ergodic)
measures on (Ων , T ) (see e.g. [3] for a discussion of these properties).
Putting the above considerations together we have shown the following.
Proposition 6.1. Let (X, τ) be a subshift over the finite alphabet A. Let
N be the cardinality of A and ν := (ν1, . . . , νN ) be a tuple of measures with
compact support and inf νj = 0, j = 1, . . . , N . Assume that not two of the
νj are multiple of Lebesgue measure. Then (Ων , T ) is a measure dynamical
system with s.f.d.p and the following holds:
(a) The measure dynamical sytem (Ων , T ) is minimal if (X, τ) is minimal.
(b) Any invariant probability measure n on (X, τ) induces a canonical
invariant probability measure m on (Ων , T ). If n is ergodic, so is m.
(c) If (X, τ) is uniquely ergodic, so is (Ων , T ).
Combined with our main result, Theorem 4.1, the previous proposition
gives the following.
Corollary 6.2. Let (X, τ) be a subshift over a finite alphabet with ergodic
meausure n. Let (Ων , T ) with ergodic measure m be associated to (X, τ) as in
the previous proposition. If the almost sure absolutely continuous spectrum
of the family (Hω), ω ∈ Ων, is not empty, then any ω from the support of
m is periodic.
Remark 6.3. The result does not state periodicity of (X, τ). In fact, such
a periodicity can not be concluded. Take for example all measures νj to be
equal δ0. Then, (Ω, T ) will be periodic rrespective of (X, τ).
Remark 6.4. The discussion in this section was phrased in terms of dy-
namical systems. However, it is clear that we actually have pointwise con-
structions viz any sequence over A can be turned into a measure with s.f.d.p
by the above procedure.
Let us here shortly describe two classes of subshifts to which our Corollary
can be applied:
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Example - Bernoulli shifts. Here, the subshift is given by X = {0, 1}Z.
The measure n on X is the product measure Π :=
∏
µ, where µ is the mea-
sure assigning the value p to {0} and the value 1 − p to {1} for some fixed
p with 0 < p < 1. Choosing measures ν1 and ν2 with compact support, we
can then apply the above theory to conclude absence of absolutely continu-
ous spectrum almost surely whenever the resulting dynamical system is not
periodic. Of course, for these more is known and in fact dynamical localiza-
tion was shown in [10] (at least when the measures in question possess an
L1 density).
Example - Circle maps. Let α ∈ (0, 1) be irrational and β ∈ (0, 1)
be arbitrary. Let Ω(α, β) be the smallest subshift over {0, 1} containing the
function
Vα,β : Z −→ {0, 1}, Vα,β(n) := 1(1−β,1](nα mod 1).
Then, (Ω, α) is aperiodic, minimal and uniquely ergodic as α is irrational
(see e.g. Appendix of [8] for discussion). Again, we can conclude absence
of absolutely continuous spectrum almost surely whenever the resulting dy-
namical system is not periodic.
So far, the considerations in this section have been concerned with sub-
shifts and not with Delone sets. Let us finish this section, by showing how
Delone sets of finite local complexity give rise to sequences over a finite
alphabet. Combined with the above discussion this will provide a way to as-
sociate measure dynamical systems to Delone dynamical systems. We only
sketch the procedure. Let Λ ⊂ R be a Delone set of finite local complexity.
Thus, for each R > 0 the set
A := {(x−R,x+R) ∩ Λ : x ∈ Λ}
is finite. Assume without loss of generality that 0 ∈ Λ and order the points
of Λ according to
. . . x−2 < x−1 < 0 = x0 < x1 < x2 . . .
We can then associate to Λ the sequence
x : Z −→ A, xj 7→ {(xj −R,xj +R) ∩ Λ.
Obviously, Λ can be recovered from x and vice versa (see [23] for a further
discussion).
7. Absence of point spectrum and purely singular continuous
spectrum
In this section, we shortly discuss a criterion for absence of point spec-
trum. This will allow us to provide some examples with purely singular
continuous spectrum. In the discrete case the criterion was introduced by
Gordon [12]. A version for continuum operators was given by Damanik/Stolz
[9]. In the main result of this section our measures will be assumed to have
a density with respect to Lebesgue measure. The condition of translation
boundedness then amounts to a uniform L1loc property. Accordingly, we will
speak about L1loc dynamical systems.
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We start by discussing a condition first used by Kaminaga [14] in his study
of absence of eigenvalues for discrete Schroedinger operators associated to
circle maps. The condition has then be used in various versions in the study
of discrete one-dimensional quasicrystals (see [7] for a survey with further
references). We are going to use it in an analogous way.
Definition 7.1. A measure dynamical system (Ω, T ) with ergodic measure
m is said to satisfy condition (K) if there exist Pn ≥ 0 with Pn → ∞ such
that
Gn := {ω ∈ Ω : ω[0,Pn) = (TPnω)[0,Pn) = (T−Pnω)[0,Pn)}
satisfies
lim sup
n→∞
m(Gn) > 0.
The relevance of this condition in the study of absence of eigenvalues
comes from the so-called Gordon lemma. Here comes a special case of the
’Gordon Lemma’ from [9].
Lemma 7.2. Let V be function such that V dx is a translation bounded
measure. If there exist Pn-periodic translation bounded measures of the form
Vndx with Pn →∞ and∫ 2Pn
−Pn
|V (x)− Vn(x)|dx = 0
for all n, then −∆+ V does not have eigenvalues.
We are now in a position to state an abstract result on absence of eigen-
values.
Lemma 7.3. If the L1loc dynamical system (Ω, T ) with ergodic measure m
satisfies condition (K), then −∆+ω does not have eigenvalues for m almost
every ω ∈ Ω.
Proof By ergodicity, the set Ωc of ω ∈ Ω with empty point spectrum has
either full measure or zero measure. Thus, to prove the statement it suffices
to show that it has positive measure. By the previous Gordon lemma, we
have that
G :=
⋂
n
∞⋃
k=n
Gn
belongs to Ωc. By (K) and a short calculation we obtain
m(Ωc) ≥ m(G) ≥ lim
n→∞
m(
∞⋃
k=n
Gn) ≥ lim supm(Gn) > 0.
This finishes the proof. 
We can combine the previous lemma with our main result to obtain the
following.
Theorem 7.4. Let (Ω, T ) be an L1loc dynamical system with ergodic measure
m sastisfying s.f.d.p and (K). Then, −∆+ω has almost surely purely singular
continuous spectrum.
ONE-DIMENSIONAL CONTINUUM MODELS OF QUASICRYSTALS 19
For the class of systems generated by subshifts, the condition (K) can be
derived whenever the subshift satisfies the analog condition. We say that
a subshift (X, τ) satifies (K), if there exist natural numbers pn → ∞ such
that
GXn := {x ∈ X : x(−pn) . . . x(−1) = x(0) . . . x(pn−1) = x(pn) . . . x(2pn−1)}
satisfy
lim sup
n→∞
(GXn ) > 0
Proposition 7.5. Let (X, τ) be a subshift over a finite alphabet with er-
godic measure n, which satisfies (K). Let (Ων , T ) be an associated measure
dynamical system with measure m. Then (Ων , T ) satisfies condition (K).
Proof This follows easily from the defining properties of m. 
Example - circle maps. The previous proposition can be applied to all
circle maps with α whose continued fraction expansion has infinitely many
coefficients of value at least 4 [14]. The set of such α’s is a set of full Lebesgue
measure.
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